Abstract. We discuss spaces of Sobolev type which are defined by the operator with singularity: D = d/dx − (c/x)R, where Ru(x) = u(−x) and c > 1. This operator appears in a one-dimensional harmonic oscillator governed by Wigner's commutation relations. We study smoothness of u and continuity of u/x β (β > 0) where u is in each space of Sobolev type, and obtain a generalization of the Sobolev embedding theorem. On the basis of a generalization of the Fourier transform, the proof is carried out. We apply the result to the Cauchy problems for partial differential equations with singular coefficients.
Introduction and the main result
This paper is concerned with spaces of Sobolev type defined by the operator with singularity: Self-adjointness of the momentum operator p and of the Hamiltonian H is established (see [3] and [8] ). On the basis of the Bessel transform B, the spectrum of the self-adjoint operator p is studied in [3] . This transform is a unitary operator from L 2 (R 1 ) onto itself [ 
and J ν is a Bessel function. If c = 0, then ϕ(x y) = e i x y / √ 2π and hence the Bessel transform coincides with the Fourier transform. For this reason the Bessel transform can be regarded as a generalization of the Fourier transform. Ohnuki and Kamefuchi [2, pp.289-296] were the first to obtain the function ϕ in the study of the eigenvalue problem of the momentum operator p :
The multiplication by y is self-adjoint on the set We now define spaces of Sobolev type using the Bessel transform B :
where m = 0, 1, 2, · · · . 
Remark. The Bessel transform B depends on the constant c, and so does H m (R 1 ). When c = 0, B coincides with the Fourier transform and H m (R 1 ) turns out to be the Sobolev space H m (R 1 ).
We introduce the following spaces. For each m = 0, 1, 2, · · · , let
As is well known, B m (R 1 ) is a Banach space with norm
The space F m (R 1 ) is a Banach space with norm
as is shown below (see Lemma 2.1). The purpose of this paper is to prove the following theorem, and then to apply it to the Cauchy problems for partial differential equations with singular coefficients.
and
(otherwise) 
β is continuous on Ω, where α and β are those in Theorem 1.2. However, H m (R 1 ) is defined in another way [9] , and it is expected that the two definitions are equivalent to each other.
Preliminaries
We begin this section by showing that F m (R 1 ) is a Banach space.
is a Banach space with norm
Proof. It suffices to show that
From Definition 1.1 we immediately obtain the following.
Lemma 2.2. (A) H
where B is the Bessel transform and y the multiplication by y (see also (1.5)).
Lemma 2.4. (A) The domain of the operator
Proof. .1)) and the multiplication y is self-adjoint.
The following is our key lemma, which plays an essential role throughout this paper.
Proof. By the Schwarz inequality,
The lemma follows.
For later convenience we enumerate some properties of the function ϕ given by (1.3).
with k = 1, 2, 3, · · · .
Proof of the main result
We prove our main result, Theorem 1.2, in a sequence of lemmas. We now turn to (1.2). Let c > 1. For each u ∈ H m (R 1 ), 
chosen appropriately. We formally differentiate v α times:
The result follows from (2.1), (2.3) and Lemma 2.5.
An elementary calculation gives the following lemma.
Lemma 3.2. Suppose that
g : R 1 × R 1 → C 1 satisfies the following conditions. (i) | g(x , y) | ≤ constant for all x, y ∈ R 1 . (ii) For each L > 0, there are positive numbers K, β such that | g(x , y) − g(a , y) | ≤ K | x − a | β , where |y| ≤ L.
Then the function F defined by
is continuous at x = a. 
Lemma 3.3. Let c and α be as in Theorem 1.2. Let v be given by (3.1). (A)
where c − α + k > 0. Therefore, condition (ii) of Lemma 3.2 is also satisfied. Hence
and for all k = 0, 1, 2, · · · , α. Here a depends on c and α, i.e., on c and m. 
Lemma 3.4. Let c and β be as in Theorem 1.2. Let v be given by (3.1). (A)
and for all l = 0, 1, 2, · · · , β. Here b depends on c and β, i.e., on c and m.
Applications
In this section we apply our main theorem, Theorem 1.2, to the Cauchy problems for partial differential equations with singular coefficients.
First we consider the Cauchy problem for the Schrödinger equation for a spinless, nonrelativistic quantum mechanical particle under the influence of the potential k/(2x
Let us recall that both D and H 2 (R 1 ) depend on the constant c. For a moment, we denote D and
where c > 1 and c(c + 1) = k. By Lemma 2. 
are unique solutions of (4.1) and (4.2), respectively. We remark here that when x ∈ R N and k > N, the self-adjointness of − + k|x| −2 was proved by Sohr [7, Folgerung 2.4] . Okazawa [5, Theorem 6.8] improved this result and showed that
See also Reed and Simon [6, Theorem X.11]. Let k > 2 and let H be the operator H = 2
is a unique solution of the Schrödinger equation under consideration. (
(B) Note that the operator −i D c is self-adjoint on the set {u ∈ H
as long as c > 3/2 [4] . The result follows.
Second we consider the Cauchy problem for the Schrödinger equation for a onedimensional harmonic oscillator governed by Wigner's commutation relations:
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